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Abstract. We introduce a new defining equation of the multiplicative excellent fam-
ily of type E6 (cf. [11], [12]). This will improve the previous ones in the characterisitic-free
nature of the key formula. Thus the new algorithm based on it will work in every charac-
terisitic.
1. The new defining equation
Let K be a field of arbitrary characteristic. We consider the Weierstrass equation of
the form
y2 + txy + k0y = x3 + m0x2 + p0x + q0 + q1t + q2t2 + t3 , (1)
where t, x, y are variables over K while the other coefficients k0,m0, p0, q0, q1, q2 belong
to K . We call
λ = (k0,m0, p0, q0, q1, q2) (2)
the Weierstrass parameter of (1).
We follow below the same argument as in [11], [12] or [7] to establish a new (slightly
improved) algorithm.
Let K¯ denote an algebraic closure of K .
First observe that a linear solution P of the form
P : x = a t + b, y = d t + e (a, b, d, e ∈ K¯) (3)
satisfies (1) (identically in t) if and only if
ad = a3 + 1 (4)
ae + d2 + bd = 3a2b + a2m0 + q2 (5)
be + 2de + dk0 = 3ab2 + 2abm0 + ap0 + q1 (6)
e2 + ek0 = b3 + b2m0 + bp0 + q0 . (7)
Now P is uniquely determined by a and b, since (4), (5) imply that a = 0 and
d = a2 + 1
a
, e = (3a
2 − d)
a
b + am0 + q2
a
− 1
a
d2 . (8)
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Then, substituting d, e above into (6) and (7), and eliminating b from them, we get a monic
polynomial, say Ψ (a), of degree 27 in a with coefficients in Z[k0,m0, p0, q0, q1, q2]. Re-
placing a by an indeterminate X, Ψ (X) is given as follows:
Ψ (X) = X27 + m0X26 + (p0 − q2)X25 + (3k0 + q0 − 9)X24
+
(
−2q22 + p0q2 + k0m0 − 8m0 − k0q1 + 7q1
)
X23
+ · · · (9)
+
(
2m20 − q1m0 + k0p0 − 7p0 − k0q2 + 8q2
)
X4
+ (−3k0 − q0 + 9)X3 + (m0 − q1)X2 − q2X − 1
This will be called a universal polynomial of multiplicative type E6. (The middle terms . . .
are omitted due to its length, and as we do not need them.)
For each zero a of the equation Ψ (a) = 0, there is at least one Pa = (x, y) such that a
is equal to the t-coefficient of x = at + b. Thus, for a general λ, there are exactly 27 linear
solutions Pa satisfying the given Weierstrass equation.
2. The key formula
By comparing (9) with the "split" expression of the universal polynomial (see [11, eq.
(35)]), we obtain the key formula connecting the Weierstrass parameter and the six basic
elements
δ1, 1, 2, 3, −1, −2 ∈ R (10)
in the Laurent polynomial ring R (see Remark below).⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
k0 = −δ1
m0= −1
q2 = −−1
p0 = 2 − −1
q1 = −2 − 1
q0 = −3 + 3δ1 + 9 .
(11)
2.1. Notation
Let us recall the relevant notation. Let T denote the algebraic torus of dimension 6
which is defined as a toric hypersurface in G7m:
T = {(s1, s2, . . . , s6; s0)|s1s2 · · · s6 = s30} (12)
and take any element ξ = (s1, s2, . . . , s6; s0) ∈ T, which is called a data in what follows.
Given such a data ξ , define
s′i :=
si
s0
(1 ≤ i ≤ 6) , s′′ij :=
s0
sisj
(i = j) (13)
and consider the ordered set with 27 elements (a 27-set in short):
Ω = Ωξ := {s1, s2, . . . , s6, s′1, s′2, . . . , s′6, s′′12, s′′13, . . . , s′′56}
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= {s1, . . . , s27} (14)
with the fixed ordering. We also need the following set of 36 elements (a 36-set):
Π = Πξ :=
{
1
s0
,
si
sj
(i < j ≤ 6), s0
sisj sk
(i < j < k ≤ 6)
}
. (15)
The 36-set corresponds to the set of positive roots of the root lattice E6 and the 27-set
corresponds to half of the 54 minimal vectors of the dual lattice E∗6 on which the Weyl
group W(E6) acts transitively (cf. [10]).
Next we denote by
n (or −n) (16)
the n-th elementary symmetric polynomial of {s1, . . . , s27} (or of {s−11 , . . . , s−127 }). Note
that −n = 27−n. For the algorithm in the next section, we need n and −n only for
n = 1, 2, 3. Further we set
δ1 = s0 + 1
s0
+
∑
i =j
si
sj
+
∑
i<j<k
(
s0
sisj sk
+ sisj sk
s0
)
. (17)
This is the sum of 36 elements of the set Π above and their inverses, corresponding to the
72 roots of E6.
REMARK. For a moment, suppose ξ is generic over a prime field κ . Then the affine
coordinate ring of the torus T, R = κ[T], can be identified with the ring of Laurent poly-
nomials in si :
R = κ[s±1i | 0 ≤ i ≤ 6 ]. (18)
There is a natural action of the Weyl group W(E6) (as the Galois group) on R (cf. [10])
and the ring of invariants contains the six basic elements (10), which forms a set of free
generators of RW(E6) over κ if its characteristic is relatively prime to the order of the Weyl
group, i.e. if it is greater than 5. (cf. [1], [4], [7], [11], [12]).
3. A new algorithm
Consider the morphism defined by the key formula (11):
ψ : T → A6, ψ(ξ) = (k0,m0, p0, q0, q1.q2) . (19)
Fix a data ξ = (s1, s2, . . . , s6; s0) ∈ T, and set
λ = ψ(ξ). (20)
Namely we consider the Weierstrass equation (1) with the Weierstrass parameter λ = ψ(ξ),
which is defined by the key formula (11), plus (16) and (17), all evaluated at the data ξ .
In this way, we can construct a 6-parameter family, parametrized by T, of the following
geometric objects:
• Eλ : an elliptic curve over the rational function field k(t) (k: an algebraically closed
field containing κ(ξ) ⊃ κ(λ)),
• Sλ : an elliptic surface over P1 (the t-line),
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• Xλ : an affine surface in A3 with coordinates (t, x, y),
• Vλ : a cubic surface in P3 with homogeneous coordinates (T : X : Y : Z) =
(t : x : y : 1).
Next, for the fixed data ξ , we consider the 27-set Ωξ = {sn|1 ≤ n ≤ 27}, (14), and
we can give an explicit definition of the 27 linear solutions Pn (cf. [12]): the coefficients
a, b, d, e of linear solutions Pn are defined by the following rule: First, we have a = − 1sn
for all n. More precisely, we have:
(i) For n = i ≤ 6, Pn = Pi has:
a = − 1
si
, b = si + 1
s2i
+
∑
j =i
(s′j + s′′ij ) (21)
(ii) For n = 6 + i, we have sn = s′i , and Pn = P ′i has:
a = − 1
s′i
, b = s′i +
1
s′2i
+
∑
j =i
(sj + s′′ij ) (22)
(iii) For n > 12, we have sn = s′′ij for some i = j , and Pn = P ′′ij has
a = − 1
s′′ij
, b = s′′ij +
1
s′′2ij
+ (si + s′i + sj + s′j ) +
∑
k<l
∑
{kl}∩{ij}=∅
s′′kl . (23)
(iv) For all Pn(1 ≤ n ≤ 27), the coefficients d, e are determined by a, b given as above,
using the formula (8). It is straightforward to verify that each of Pn so defined is indeed a
linear solution of the Weierstrass equation (1) specified by (20).
The 27 linear solutions Pn then translate to the following objects:
• 27 k(t)-rational points of the Mordell-Weil group Eλ(k(t)),
• 27 linear sections on the elliptic surface Sλ , containing a set of generators of the
Mordell-Weil group ∼= Eλ(k(t));
• 27 affine lines on the affine surface Xλ,
• 27 lines ln : X = aT + bZ, Y = dT + eZ on the cubic surface Vλ ⊂ P3.
REMARK. There is a handy non-degeneracy condition on the data ξ , saying that the
36-set Πξ is free from 1. It guarantees in the above statements that “27” can be replaced by
“27 distinct”, in addition to the smoothness of the elliptic (or affine or cubic) surface Sλ (or
Xλ or Vλ) where λ = ψ(ξ) is the Weierstrass parameter corresponding to the data ξ . See
Theorem 8.1 of the paper [12].
Furthermore, counting the number of times 1 appears in the 36-set Πξ , one can mea-
sure how degenerate the surface Sλ is, etc. cf. [12, Th. 8.4] or [7]. We will study the
"totally degenerate" case such that Πξ = {136} in the last section.
4. Examples
4.1. Example, with the data ξ = (1, 2, 3, 4,−1,− 13; 2)
We let K = Q here. This is a non-degenerate example. The Mordell-Weil lattice is
isomorphic to E∗6 . Cf. [12, 9.2], which are computed by the previous algorithm.
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For the given data ξ , the new algorithm gives:
λ =
(
136
9
,−21
4
,−175
3
,
3227
12
,−175
3
,−21
4
)
. (24)
The Weierstrass equation reads:
y2 + txy + 136y
9
= x3 − 21x
2
4
− 175x
3
+ 3227
12
− 175t
3
− 21t
2
4
+ t3 . (25)
The 27 linear solutions are given as follows. The first six:
P
(
−t, 21
2
)
, P
(
19
6
− t
2
,
41
12
− 7t
4
)
, P
(
40
9
− t
3
,−26t
9
− 23
54
)
,
P
(
85
16
− t
4
,−63t
16
− 213
64
)
, P
(
t + 20
3
, 2t − 47
6
)
, P
(
3t + 20
3
,
28t
3
− 131
18
)
.
The second six:
P
(
19
3
− 2t, 7t
2
− 23
3
)
, P
(
25
4
− t,−33
4
)
, P
(
55
9
− 2t
3
,−19t
18
− 239
27
)
,
P
(
35
6
− t
2
,−7t
4
− 119
12
)
, P
(
2t + 15, 9t
2
+ 33
)
, P
(
6t + 115
3
,
217t
6
+ 1877
9
)
The remaining 15:
P
(
8 − t,−27
2
)
, P
(55
6
− 3t
2
,
19t
12
− 667
36
)
, P
(
35
3
− 2t, 7t
2
− 91
3
)
,
P
(
t
2
− 15
2
,
9t
4
− 3
4
)
, P
(
t
6
− 115
18
,
217t
36
− 2431
108
)
, P
(
40
3
− 3t, 26t
3
− 701
18
)
,
P
(
85
4
− 4t, 63t
4
− 87
)
, P
(
t − 20
3
, 2t − 127
6
)
, P
(
t
3
− 20
9
,
28t
9
− 1513
54
)
,
P
(
125
3
− 6t, 215t
6
− 2293
9
)
, P
(
3t
2
− 25
6
,
35t
12
− 997
36
)
, P
(
t
2
+ 1
2
,
9t
4
− 99
4
)
,
P
(
2t − 1, 9t
2
− 27
)
, P
(
2t
3
+ 25
9
,
35t
18
− 529
27
)
, P
(
125
18
− t
6
,−215t
36
− 641
108
)
.
The first six Q(t)-rational points P1, . . . , P6 are independent and they generate a subgroup
of index 3 of the Mordell-Weil group Eλ(Q(t)). The first 7 elements P1, . . . , P7 generate
the full group ∼= E∗6 , and dropping P6, one gets free genarators.
These facts hold true also if Q is replaced by any finite field Fp with p > 13.
5. Totally degenerate case
Next we study the most degenerate case; cf. [12, 9.5]. For ξ = (1, 1, 1, 1, 1, 1; 1), we
have
λ = (−72,−27, 324,−2700, 324,−27) (26)
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and
y2 + txy − 72y = x3 − 27x2 + 324x − 2700 + 324t − 27t2 + t3 . (27)
The discriminant and the j -invariant are given as follows:
Δ = −(t − 6)8(t + 21) , j = − (t − 6)(t + 18)
3
(t + 21) . (28)
It follows, by [3] or [13], that the elliptic surface S has a new reducible fibre of Kodaira
type IV ∗ at t = 6, at least if characteristic = 2, 3.
Finally, let us study the case of exceptional characteristic p = 3 or p = 2 in detail.
The equations (27) and (28) reduce modulo p to the following:
(p = 3) y2 + txy = x3 + t3 , Δ = −t9, j = −t3 , (29)
(p = 2) y2 + txy = x3 + x2 + t2 + t3 , Δ = t8(t + 1), j = t
4
(t + 1) . (30)
Note that the last one (30) is new, since it was not accessible with the previous algorithms
in the papers [11], [12].
PROPOSITION 5.1. In both cases, the singular fibre at t = 0 remains to be of Ko-
daira type IV ∗. The wild ramification index is equal to 1 in case p = 3, while it is equal
to 0 in case p = 2.
Proof. For the equation (29) for p = 3, x3+t3 is equal to (x+t)3. Setting X = x+t ,
we can rewrite it as follows:
y2 + tXy − t2y = X3 . (31)
On the other hand, for the equation (30) for p = 2, we transpose the terms x2 + t2 to
the left-hand side to get
y2 + x2 + t2 + txy = x3 + t3 .
Then, setting Y = y + x + t , it is rewritten as
Y 2 + tx(Y − x − t) = x3 + t3, i.e. Y 2 + txY = x3 + t3 + tx(x + t) .
Now the right-hand side is equal to (x + t)3 as p = 2. Hence setting X = x + t , we have
Y 2 + t (X − t)Y = X3, i.e. Y 2 + tXY − t2Y = X3 . (32)
Thus both (29) and (30) are transformed by a change of coordinates to the same equa-
tion (up to notation). So let’s consider the equation:
y2 + txy − t2y = x3 (33)
over any field of arbitarary characteristic. Now, by using notation [13, §8], x = xntn(n =
1, 2, . . .), etc., we get
y22 + tx2y2 − y2 = t2x32 . (34)
It reduces modulo (t) to the conic y22 − y2 = 0 with two distinct roots y2 = 0, 1, and this
implies, by [13, §8, 8)] (cf. [7, §5.8.2]), that the Kodaira type is IV ∗.
Finally the wild ramification index, defined as v(Δ) − 1 − m (m: the number of
irreducible components in the singular fibre), is equal respectively to
9 − 1 − 7 = 1 (p = 3) or 8 − 1 − 7 = 0 (p = 2) ,
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as claimed. q.e.d.
As an afterthought looking at the above proof for p = 2, 3, a natural question arises:
QUESTION 5.2. Is it possible to transform the equation (27) to the equation (33)
over Z?
The answer is: Yes!
PROPOSITION 5.3. The equation (27) can be transformed over Z to the equation
(33) by the following coordinate change:
x = x ′ − t ′ + 6 , t = t ′ + 6 , y = y ′ − 3x ′ + 18 . (35)
Proof. Straightforward verification.
COROLLARY 5.4. For every prime number p, the reduction mod p, S(p), of the
elliptic surface over P1 defined by (27) has a singular fibre of Kodaira type IV ∗ at t = 6.
In other words, for every p, S(p) is a rational elliptic surface of OS-type No.69 (cf. [6] or
[7]). It follows:
• The Mordell-Weil group E(Fp(t)) is a torsion group of order 3, generated by P1 =
(12 − t, 18). One checks
−P1 = (12 − t, 54 − 12t + t2) = 2 · P1 .
• For every p, the affine surface X(p) has an E6-singularity at (t, x, y) = (6, 6, 18).
• For every p, the cubic surface V (p) contains a unique line
l1 : X = −T + 12Z , Y = 18Z ,
which passes through the E6-singularity (T : X : Y : 1) = (6 : 6 : 18 : 1).
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